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Abstract. We prove the compatibility at places dividing / of the local and 
global Langlands correspondences for the Z-adic Galois representations associ- 
ated to regular algebraic essentially (conjugate) self-dual cuspidal automorphic 
representations of GLn over an imaginary CM or totally real field. We prove 
this compatibility up to semisimplification in all cases, and up to Frobenius 
semisimplification in the case of Shin-regular weight. 
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Introduction. 

Our main result is as follows (see Theorem 11.11 and Corollary II. 2|) . 

Theorem A. Let F be an imaginary CM field or totally real field, let (11, x) be 
a regular, algebraic, essentially (conjugate) self-dual automorphic representation of 
GLrai^p) o,nd let i : Qi ^ C If v\l is a place of F, then 

iWr>{ri,,{n)\G,J' = rec(n, ® I det 

Furthermore, if 11 has Shin-regular weight, then 

iWD(r,,,(n)|GpJ^"'' = rec(n„ (g) | det |(i-'")/2). 

Here n,i(n) denotes the /-adic representation assocaited to 11 (and i); and WD(r) 
denotes the Weil-Deligne representation attached to a de Rham ^-adic representa- 
tion r of the absolute Galois group of an Z-adic field; and rec denotes the local 
Langlands correspondence; and F-ss denotes Frobenius semi-simplification. (See 
Section [1] for details on the terminology.) In fact, we prove a slight refinement of 
this result which gives some information about the monodromy operator in the case 
where 11 does not have Shin-regular weight; see Section [T] for the details of this. 

It is important in some applications to have this compatibility at places dividing 
Z; for example, our original motivation for considering this problem was to improve 
the applicability of the main results of |BLGGTT0] : in that paper a variety of 
automorphy lifting theorems are proved via making highly ramified base changes, 
and one loses control of the level of the automorphic representations under con- 
sideration. This control can be recovered if one knows local-global compatibility, 
and this is important in applications to the weight part of Serre's conjecture (cf. 
IBLGGllaj . IBLGGllbj l. 

The proof of Theorem |A] is surprisingly simple, and relies on a generalisation of 
a base change trick that we learned from the papers |Kis08| and |Ski09| (see the 
proof of Theorem 4.3 of |KisQ8| and Section 2.2 of |Ski09| ). The idea is as follows. 
Suppose that 11 has Shin-regular weight. We wish to determine the Weil-Deligne 
representation tWD {ri ^i(JI)\g p^)^~^^ ■ The monodromy may be computed after any 
finite base change, and in particular we may make a base change so that 11 has 
Iwahori- fixed vectors, which is the situation covered by [BLGGTTT] : so it suffices 
to compute the representation of the Weil group Wp^ ■ It is straightforward to check 
that in order to do so it is enough to compute the traces of the elements a G Wp^ 
of nonzero valuation (that is, those elements which map to a nonzero power of 
the Frobenius element in the Galois group of the residue field). This trace is then 
computed as follows: one makes a global base change to a CM field E/F such that 
there is a place w of E lying over v such that BC e /f{^)w has Iwahori- fixed vectors, 
and a is an element of We^ < Wp^ ■ By the compatibility of base change with the 
local Langlands correspondence, the trace of a on iWT){ri^i{J])\Gp^Y~^'^ may then 
be computed over E, where the result follows from jBLGGTllj . 

The subtlety in this argument is that the field E/F need not be Galois, so one 
cannot immediately appeal to solvable base change. However, it will have solvable 
normal closure, so that by a standard descent argument due to Harris it is enough to 
know that for some prime V , the global Galois representation r;/ i'(n) is irreducible. 
Under the additional assumption that H has extremely regular weight, the existence 
of such an V is established in jBLGGTTO] . Having thus established Theorem |A] in 
the case that H has extremely regular and Shin-regular weight, we then pass to the 
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general case by means of an Z-adic interpolation argument of Chenevier and Harris, 
|CH09) and |Clie09] . The details are in Section El 

Notation and terminology. We write all matrix transposes on the left; so *A 
is the transpose of A. We let i?„j C GL„i denote the Borel subgroup of upper 
triangular matrices and T„i C GL^ the diagonal torus. We let Im denote the 
identity matrix in GLm- If M is a field, we let M denote an algebraic closure of M 
and Gm the absolute Galois group Gal (M/M). Let ei denote the Z-adic cyclotomic 
character 

Let p be a rational prime and K/Qp a finite extension. We let Ok denote the 
ring of integers of K, pK the maximal ideal of Ok, k{vK) the residue field Ok/pk, 
I'K ■ ^ Z, the canonical valuation and \ \k ■ —i' the absolute value given 

by \x\k = ifiH'^K)^"'-''^- We let | \][^ : K"" M^q denote the unique positive 
unramified square root of | \k- If ii" is clear from the context, we will sometimes 
write I I for | \k- We let Frobi<- denote the geometric Frobenius element of G^^j^) 
and Ik the kernel of the natural surjection Gk Gk{vK)- We will sometimes 
abbreviate FrobQ^ by Frobj, . We let Wk denote the preimage of Frob^ under the 
map Gk Gk(v(K))-: endowed with a topology by decreeing that Ik C Wk with 
its usual topology is an open subgroup of Wk- We let Art^ : ^ W^ denote 
the local Artin map, normalized to take uniformizers to lifts of Frobi<-. 

Let be an algebraically closed field of characteristic 0. A Weil-Deligne repre- 
sentation of Wk over £7 is a triple (V, r, N) where F is a finite dimensional vector 
space over il, r : Wk GL{V) is a representation with open kernel and N -.V 
is an endomorphism with r{a)Nr{a)~^ = |Art ^^((T)|i<-iV. We say that (y,r, iV) is 
Frobenius semisimple if r is semisimple. We let (V, r, N)^'^'^ denote the Frobe- 
nius semisimplification of {V,r,N) (see for instance Section 1 of |TY07] ) and we 
let {V,r,NY^ denote {V^r^^^Q). If f2 has the same cardinality as C, we have the 
notions of a Weil-Deligne representation being pure or pure of weight k - see the 
paragraph before Lemma 1.4 of |TY07| . 

We will let ibck be the local Langlands correspondence of |HT01] . so that if tt 
is an irreducible complex admissible representation of GLn{K), then recif(7r) is a 
Weil-Deligne representation of the Weil group Wk ■ We will write rec for lecK when 
the choice of K is clear. If p is a continuous representation of Gk over Q; with 
I 7^ p then we will write WD{p) for the corresponding Weil-Deligne representation 
of Wk- (See for instance Section 1 of |TY07j .') 

If TO > 1 is an integer, we let l'v/m,K C GL„i{Ok) denote the subgroup of matri- 
ces which map to an upper triangular matrix in GLm{k{vK))- If is an irreducible 
admissible supercuspidal representation of GL^iK) and s > 1 is an integer we let 
Spj,(7r) be the square integrable representation of GL,nr{K) defined for instance 
in Section 1.3 of [HTOlj . Similarly, if r : Wk GL^i^) is an irreducible repre- 
sentation with open kernel and tt is the supercuspidal representation rec]^ (r), we 
let Sp^(r) = recx(Sps(7r)). If K' /K is a finite extension and if tt is an irreducible 
smooth representation of GLn{K) we will write BC k' for the base change of 
TT to K' which is characterized by reci<-' {ttk' ) = rec/<- (tt) | vf^, • 

If /9 is a continuous de Rham representation of Gk over Qp then we will write 
WD(p) for the corresponding Weil-Deligne representation of Wk (its construction, 
which is due to Fontaine, is recalled in Section 1 of |TY07j ). and if r : iiT ^ Qp is a 



4 THOMAS BARNET-LAMB, TOBY GEE, DAVID GERAGHTY, AND RICHARD TAYLOR 



continuous embedding of fields then we will write HT,- (p) for the multiset of Hodge- 
Tate numbers of p with respect to t. Thus WTr{p) is a multiset of dimp integers. 
In fact, if is a de Rham representation of Gk over and if r : X ^ Qp then 

the multiset HTr(Vl^) contains i with multiplicity dim^ {W ®t,k K{i))'^'^ . Thus 
for example HT7-(e;) = { — !}■ 

If is a number field and v a prime of F, we will often denote Frobi?^, k{vp^) 
and Iwm,_F„ by Frobt,, k(v) and Iwm,i;- If cr : ^ Qp or C is an embedding of fields, 
then we will write for the closure of the image of a. If F' /F is a soluble, finite 
Galois extension and if tt is a cuspidal automorphic representation of GLmi^p) we 
will write BC pi /p{'k) for its base change to F' , an automorphic representation of 
GLn{AK')- li R : Gp ^ GLm{Qi) is a continuous representation, we say that R 
is pure of weight w if for all but finitely many primes w of -F, i? is unramified at 
V and every eigenvalue of i?(Frob^) is a Weil (#fc(u))'"-number. (See Section 1 of 
[TY07) .) If F is an imaginary CM field, we will denote its maximal totally real 
subfield by F~^ and let c denote the non-trivial element of Gal(F/i^+). 



1. Automorphic Galois representations 

We recall some now-standard notation and terminology. Let F be an imaginary 
CM field or totally real field. Let denote the maximal totally real subfield of F. 
By a RAECSDC or RAESDC (regular, algebraic, essentially (conjugate) self dual, 
cuspidal) automorphic representation of GL^i^p) we mean a pair (n,x) where 

• n is a cuspidal automorphic representation of GLm{Ap) such that Hoc has 
the same infinitesimal character as some irreducible algebraic representation 
of the restriction of scalars from F to Q of GLm, 

• X ■ ^p+ / {P'^)^ — > is a continuous character such that Xt;(— 1) is inde- 
pendent of v\oo, 

• and LL= ^ (X) (x o Nj?/^+ o det). 

If X is the trivial character we will often drop it from the notation and refer to 
n as a RACSDC or RASDC (regular, algebraic, (conjugate) self dual, cuspidal) 
automorphic representation. We will say that (11, x) has level prime to I (resp. 
level potentially prime to I) if for all v\l the representation lit, is unramified (resp. 
becomes unramified after a finite base change). 

If Q is an algebraically closed field of characteristic we will write (Z™)^°™ (F.n),+ 
for the set of a = (a^,,) S (Z™)Honi (^,0) satisfying 

Let w € Z. If F is totally real or imaginary CM (resp. if £7 = C) we will write 
^^„^Hom(F,n) g^^gg^ of elements a e (Z"^)iiora {F,si) ^^^^i 

^T,i ~t" ^roc,m+l — i ^ 

(resp. 

(These definitions are consistent when F is totally real or imaginary CM and = 
C.) If F'/F is a finite extension we define api e (z™)Hom (F',n),+ 



LOCAL-GLOBAL COMPATIBILITY FOR / = p, II. 



5 



Following |ShilO] we will be interested, inter alia, in the case that either m is odd; 
or that m is even and for some t G Horn {F, 51) and for some odd integer i we have 
a-r,i > ar,i+i- If either of these conditions hold then we will say that a is Shin- 
regular. (This is often referred to as 'slightly regular' in the literature. However 
as this notion is strictly stronger than 'regularity' we prefer the terminology 'Shin- 
regular'.) Following [BLGGTlOj . we say that a is extremely regular if for some r 
the Ur^i have the following property: for any subsets H and H' of {ur^i + n — i}f^i 
of the same cardinality, if X^^igh ^ = J2heH' ^ then H = H' . 

If a G (^m^Hom (F,c),+ ^ jg^ dcnote the irreducible algebraic representation of 
GL^^ (^•''^) -^vhich is the tensor product over r of the irreducible representations of 
GLn with highest weights ar- We will say that a RAECSDC automorphic repre- 
sentation H of GLm{AiF) has weight a if Hoo has the same infinitesimal character 
as S^. Note that in this case a must lie in (Z™)S°™ for some w £ Z. 

We recall (see Theorem 1.2 of jBLGHTOQj ) that to a RAECSDC or RAESDC 
automorphic representation (H,x) of GLmi^p) and 2 : Q; — s- C we can associate a 
continuous semisimple representation 

n,,(H) : Gal(F/F) GL„(Q,) 

with the properties described in Theorem 1.2 of jBLGHT^O] . In particular 

r,,,(H)^-n,,(n)^®6i— n,,(x)|G., 

where n,i(x) Gp+ ^ is as defined in Section 1 of [BLGHTOO] . For v\l a place 
of F, the representation r/,j(H)|Gp^ is de Rham and if r : F Q; then 

BTr{rii{Tr)) = {a^r,! + m - 1, a^r^ + m - 2, a.ir,Tn}- 

If vj(l, then the main result of |CarlO| states that 

zWD(n,,(H)|G,J^-^^ = rec(n, ® | det 

Let p be a prime number, K/Qp be a finite extension and let be an algebraically 
closed field of characteristic 0. Let J' denote the set of equivalence classes of 
irreducible representations of Wk over fl with open kernel, where s ~ s' if s = 
s' ® X ° det for some unramified character x ■ — > ft^ . Let p — {V,r,N) be a 
Weil-Deligne representation of Wk over ft. We decompose 

where V[a] is the largest VFi<--submodule of V with all its irreducible subquotients 
lying in a. Then each V[a] is stable by N and p[<7] :— {V[a],r\Y[„], N\y[^]) is a 
Weil-Deligne subrepresentation of {V,r,N). For each a £ J with V\a\ ^ (0), there 
is a unique decreasing sequence of integers mi{p, cr) > ■ ■ ■ > mn[p^a){.P^ cr) > 1 with 

p[^]F- ^ Sp„,(,,,)(s,) 
i=l 

Si £ (J for each i. If p' is another Weil-Deligne representation of Wk over 57, we say 
that 

if p^^ ^ {p'T^ and if for each cr G J' we have 

mi(p, a) H Vm.i{p,a) < mi(p',cr) H Vmi{p ,a) 
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for each i > 1. The goal of this paper is to estabhsh the fohowing local-global 
compatibility result at places dividing I. 
We now state our main theorem. 

Theorem 1.1. Let (11, x) be a RAECSDC automorphic representation of GLmi-^p) 
and let « : Q; — C. If v\l is a place of F, then 

zWD(r,,,(n)|GpJ^"'' -< rec(n„ (g) \ det |(i-™)/2). 

Furthermore, if 11 has Shin-regular weight, then 

zWD(n,,(n)|G,J^-^^ =rec(n, ® |detp-™)/2)^ 

The following corollary follows immediately using base change as in Proposition 
4.3.1 of |CHT08| . 

Corollary 1.2. Let (n,x) be a RAESDC automorphic representation of GLmi^p) 
and let i : Q; — > C. If v\l is a place of F, then 

zWD(n,,(n)|G,„ f-'' -< rec(n„ I det 

Furthermore, if 11 has Shin-regular weight, then 

iWB{ri^,{U)\GpJ^-'' ^ rec(n„ | det p-™)/^). 

2. The extremely regular, Shin-regular case 

We start by treating the special case where, thanks to the irreducibility results 
of [BLGGTIO] . we can give a direct argument. We use an analogue of the trick 
of |Kis08) and |Ski09] (see the proof of Theorem 4.3 of |Kis08) and Section 2.2 of 
jSki09| ). but in a situation where we need to use a non-abelian, indeed non-Galois, 
base change. Because of this the argument makes essential use of the irreducibility 
results of IBLGGTTO] . and hence at present can only be made in the extremely 
regular case. 

Theorem 2.1. Let m > 2 be an integer, I a rational prime and i : Q/ — > C. Let 

F be an imaginary CM field and (H, x) o, RAECSDC automorphic representation 
of GLm{Ap). Ifn has extremely regular and Shin-regular weight and v\l is a place 
of F, then 

zWD(r,,,(n)|G,jP-^ - rec(n, ® | det 

Proof We first reduce to the RACSDC case: using Lemma 4.1.4 of |CHT08] we 
choose an algebraic Hecke character : Ap/F^ — > such that ■ {tp o c) = 
Xp^ o lSip/p+ . Then 11 (g) ■;/) o det is RACSDC and the theorem holds for 11 if and 
only if it holds for 11 (g) ^/^ o det. We may therefore assume that 11 is RACSDC. 
To prove the theorem, it suffices to establish the weaker result that 

zWD(n,,(n)|G,J^^ = rec(n, ® I det |(i-™)/2)-. 

(Suppose this weaker result holds. By Proposition 1.1 of |BLGGTTTj . it suffices 
to prove that WD(n,j(n)|Gp ) is pure. This is established in Corollary 1.3 of 
[BLGGTU) .') 

To establish the weaker result, it suffices to show that 

tr ((T|iWD(r,,,(n)|G^„ )) = tr (a|rec(n, <E> \ det p-'")/^)) 
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for every a S VFf„ mapping to a non-zero power of Frob^, G Gfe(„) . (This follows 
from the proof of Lemma 1 of [Sai97| .) Fix such an element a S Wf^ ■ We can and 
do choose a finite extension E^,/ Fy inside such that 

• cr € We^ C Wf„ and 

. BCB„/f„(n„)i-"--" ^{0}. 
(If we write WD(r;^,(n)|Gp^ ) = {V,r,N), we could take to be the fixed field of 
the subgroup of Wp^ generated by a and the kernel of rj/^^ .) Let E'^/Ey denote 
the normal closure of Ey/Fy. Choose a finite CM soluble Galois extension F'/F 
such that for each place w\v of F' , F'^/Fy = E'^/Fy. Let Wp' = ^Gf'/f{^)- 
By Theorem 5.4.2 of [BLCCTTO] we can and do choose a rational prime I' and 
i' : Qi' C such that ri',i'{IlF') is irreducible. Choose a prime w|f of F' and an 
f;-embedding F^ ^Fy. Let E = F'r\Ey C F!^ be the fixed field of Gal {F'^/Ey) C 
Gs\{F' /F). The inclusion E ^ Ey determines a prime u of By Lemma 1.4 of 
[BLGHT09) ■ there exists a RACSDC automorphic representation of GL„i{Ae) 
with n/,j/(nB) = n>,,>(n)|Ge and hence r;,,(n£;) = r;,,(n)|GE. Since n^;;' " ^ {0}, 
Theorem 1.2 of |BLGGT11) implies that 

tr(a|zWD(n,,(n)|G^J) - tr (a|iWD(r,,,(n£)|G^J) 

= tr ((T|rec(n£,„ ® I det p-'")/^)) 

= tr(a|rec(n„cg) Idetp-'")/^)), 
and the result follows. □ 

3. The general case 

We will prove the next result using Theorem [23] and the methods of |Che09| and 
[BC09j . It establishes the first statement of Theorem 11.11 

Theorem 3.1. Let m > 2 be an integer, I a rational prime and i : Qi ^ C Let F 
be an imaginary CM field and (11, x) « RAECSDC automorphic representation of 
GLmiAp)- If v\l is a place of F , then 

zWD(n,,(n)|G,J^-^^ < rec(n, ® I det |(i-™)/2). 

Before giving the proof, we first deduce the second statement of Theorem ll.il as 
a corollary. 

Corollary 3.2. Let m > 2 be an integer, I a rational prime and t '■ Qi C Let 

F be an imaginary CM field and (11, x) a RAECSDC automorphic representation 
of GLm{A). Ifn has slightly regular weight and v\l is a place of F, then 

iWr>{ru{n)\G,^ - rec(ni.,, I det 

Proof. This follows immediately from Theorem 13.11 together with Corollary 1.3 of 
[BLGGTll] and Proposition 1.1 of |BLGGT11| . □ 

Proof of Theorem \3.1[ As in the proof of Theorem 12.11 we may assume that 11 is 
RACSDC. Replacing F by a suitable finite soluble CM Galois extension in which 
V splits wc may also assume that: 

• [F+ : Q] is even; 

• F/F^ is unramified at all finite places; 

• all places of F"*" dividing / are split in F; 

• if is ramified, then w\f+ is split in F; 
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• iiw^v then nlT'" '" ^ {0}. 

Since [F+ : Q] is even,we can and do choose a unitary group C//F+ such that: 

• U xp+ F^GL„JF; 

• U Xp+ F+ is quasi-spht for each prime u of F+; 

• U{F^) is compact for each a : F+ ^ R. 

(We write for the completion of with respect to the absolute value induced 
by (J.) For each place u of F^ which splits in F and w\u a prime of -F , we fix an 
isomorphism : U{F^) GLm{Fw) such that 1^,0 = ^i^'^- If c : -F'*' ^ K and 
: F ^ C extends a, we fix an embedding t-^ : U{F^) ^ GLn{F's) which identifies 
U{F^) with the set of all g with '^"^ ■ 17 = l„i. By CoroUaire 5.3 and Theoreme 5.4 
of [Lab09j ■ there exists an automorphic representation irp of U{Ap+) such that: 

• if It is a prime of F~^ which splits as ww'^ in F, then ttf.m = 11^^^, o z^; 

• if w is a prime of F"*" which is inert in F, then Hp^u is given by the local 
base change of tt^.u (see |Lab09) ): 

• if (T : F+ ^ M and a : F C extends cr, then there is an irreducible 
algebraic representation Ws of GLm{Fs) such that TTi^^o- — o i^. More- 
over, if Wa has highest weight = (05,1, . . . , a^^m), then 11^;^ has weight 
a = (a5?)5:F^C- 

We now follow the arguments of |Che09| . We have chosen to closely follow 
[Che09| even when we could somewhat simplify the argument in the case of interest 
to us, in order to ease comparison with that paper. We note however we take the 
prime p of [Che09j to be the prime I of this paper. Make the following definitions: 
let Si (resp. Sy) denote the set of primes of F dividing I but not lying above v (resp. 
lying above v). Let R denote the set of primes w of F not dividing I and with 11^?.^, 
ramified. Set S = Sy Li R. Let Si, Sy, R and S denote the sets of primes of F+ 
lying under Si, Sy, R and 5* respectively. For each u € Si U S , 6.x a prime m of F 
dividing u. We will henceforth identify U{F^) and GLra[Fy) via ly for u G 5/ U S". 

Fix embeddings Zqo : Q ^ C and : Q ^ Q/ such that i o ii = i^. For u\l 
a prime of F+, following |Che09| . we let S(m) C Hom(F+,Q;) denote the set of 
embeddings inducing u and let Eoo(m) — «S(m) C Hom(F+,M). Let Woo denote 
the representation ®„es„,rTes^(«)7rF.<T of Y{y<zs^,aeT.^{u) U{F^). 

Let — Y{ui^s^u C U{A'^^^) be a compact open subgroup with 

• Ky = lwrn,u if w e Si; 

• Ky a hyperspecial maximal compact subgroup of U{F^) otherwise. 

Let T^'^uSi ^ Z[J7(A^/^'^')//ii''5'U'Sp] denote the commutative spherical Hecke al- 
gebra. For u U S"/, let e„ G H{U{F^ j) be the idempotent corresponding to 

Ky. 

Choose a finite Galois extension E/Q in Q such that Ilp y can be defined over E 
for each u G 5. For u E S, let By denote the subcateogry of the category of smooth 
F-representations of GLm{Fy) determined by the supercuspidal support of IlF,y 
(see Proposition-definition 2.8 of |Ber84j l. Let 3„ denote the center of the category 
By. For u R, let e„ denote the idempotent in 'H{GLm{Fz)) corresponding to 
Iw„ jj. For u G Sy, choose an idempotent Cy in T-L{GLmiFy)) such that 

• byBy = Cy whcrc by G 'H{GLm{Fz)) is the projector to By] 

• eyUpfi ^ {0}; 
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• for every irreducible tt G Bu ®E,i^ C, if CjjTt ^ {0}, then 

rec(7r) -<i vecijip^u)- 

(We refer to Section 3.10 of [Che09| for the definit ion of ^/ and to Section 
3.6 of op. cit. for the fact that one can choose such an idempotent e^-) 

Extending E if necessary, we may assume that is defined over E for each u £ S 
and we set e = 'S^'ui^Si^^ ^^'^ 

ues 

Let Le denote the Gafois cfosure (over Q;) of the closure of ii{EF) in Q;. Let T 
denote the diagonal maximal torus in HueSi GLm[Fu) and let T = Hom (T, GJrf ) 
denote the rigid analytic space over Q/ parametrizing continuous ^-adic characters 
of T. 

Let A denote the set of automorphic representations tt of U{Ap+) for which 
e{Tr°°)^^t ^ {0} and ®<TGS^(u),«eS.'^^ = M^oo- It tt e A, then U acts on e{Tr°°'^') 
through an i?- algebra homomorphism ipciTr) : H C (this follows from the fact 
that TT^" is 1-dimensional for u ^ S U Si while 3„ acts on 7r„ through a character 
for u e S). We define ■0(7r) : H Q; to be o V'c(7r). 

It TT £ A, we associate to it an algebraic character ^(Tr) G T{Le) as in Section 
1.4 of |Che09| (this character records the highest weights of the representations 
TTo- for a £ I]oo(u) and u £ Si). It u £ Si and tt^; is an irreducible smooth rep- 
resentation of GLmiFu) with TT-"''"'" ^ {0}, an accessible refinement of tt^ is an 
unramified character Xu '■ T„i{F^^) C^such that tt^ embeds as a subrepresen- 
tation of n-Ind ^^"^fj^-'x^j. (Such a character always exists.) If tt G then an 

accessible refinement of tt is a character x — Ilues, Xu '■ T = Ilues, 7m(-Fs) ~> Q; 

where each Xu '■ Tm{Fu) — > is unramified and iXu is an accessible refinement 
of TTu (8) I det p^™^/^. Given such a pair (tt, x), we associate to it the character 
i^iTT, x) e TiQi) as in Section 1.4 of [Chc09J. 
We let 

ZcRoinE{nMi)xTm 

denote the set of all pairs {iP{tt),i'{tt,x)) where tt £ A and x is an accessible 
refinement of tt. 

By Theoreme 1.6 of |Che09| . the data (S*;, M^oo, e) determines a four-tuple 
{X, ipjV, Z) where: 

• X is a reduced rigid analytic space over Le which is equidimensional of 
dimension nJ2ueS,[Pu ■ Qi]'^ 

• ip -.n^ 0{X) is a ring homomorphism with -^(•H'^us') c 0(X)^i; 

• J/ : X — > T is a finite analytic morphism; 

• Z C X{Qi) is a Zariski-dense accumulation subset of X{Qi) such that the 
map 

X{Qi)^TiomEin,Qi)xTm 

which sends x i-t- (/i i— >■ {■ilj{h){x), ^{x))) induces a bijection Z Z. (We 
refer to Section 1.5 of |Che09| for the definition of 'Zariski-dense accumu- 
lation'.) We henceforth identify Z and Z. 
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U TT E A, then by Corollahe 5.3 of [Lab09j there exists a partition m — nii + 
. . . + rrir of m and conjugate self-dual discrete automorphic representations Hi of 
GL,„;(Ai?) such that 11 = Iliffl- • -fflllr is a strong base change of tt. Let S = SUSi 
and let Fy: denote the maximal extension of F which is unramified outside E. Let 
Gf,^ = Gal(Fs/i^). By Theorem 3.2.5 of }CH09| and the argument of Theorem 
2.3 of }Gue09j . there is a continuous semisimple representation r;^,(7r) : Gf.s ~> 
GLmiQi) with 

iWD{ruiTT)\G,J'' = rec(n„ ® | det |(i-™)/2)- 

for each prime w \ I of F. Moreover, there is a unique continuous m-dimensional 
pseudo-representation T ; Gf.s C>(X) such that = tr(n.j(7r)) for each z — 
{ip{'!r),h'{Tr,x)) 6 (Here, for any x G X{Qi), denotes the composition of 
T with the evaluation map 0{X) — >■ Q;;g i— >■ g{x).) The existence of T follows 
from the proof of Proposition 7.1.1 of |Che04) together with Proposition 7.2.11 of 
[BC09) (which shows that 0{X)-^ is compact, as T is nested and v is finite) and 
the fact that ^{n'^^^') C 0{Xp\ By Theorem 1 of |Tay91| , for any x €_X{Qi), 
there is a unique continuous semisimple representation rx ■ Gf,e ^ GLmiQi) with 
Tx = tr{rx). 

Now, let M G 5". By Proposition 3.11 of |Che09) . there is a unique m-dimensional 
pseudo-character 

yB" : Wf^ ^ 3„ 

such that for each irreducible smooth representation tt^ of GL^iFu) in Bu®E,iaa C, 
if r^" denotes the composition of T'^" with the character 3^ — >■ C giving the action 
of 3„ on TTu, then 

Tjl" = tr (rec(7rs ® | det |(i-")/2)). 

Let zq (z Z he a, point corresponding to ttf together with the choice of some 
accessible refinement. Let Z'^'^^ C Z denote the subset associated to pairs (tt, x) 
where tToo is slightly regular and extremely regular. (If 5 : _F ^ C and a (^If+i 
then TTa-oia is the restriction of an irreducible algebraic representation of GL^iF^) of 
highest weight b^, say. We say tToo is Shin-regular or extremely regular if b := {bs)s 
has the corresponding property.) Then Z'^'^^ is a Zariski-dense accumulation subset 
of X{Qi). Choose an open afSnoid J7 C X such that zq G fl and n 57 is 
Zariski-dense in f2. Let To denote the restriction of T to J7. By Lemme 7.8.11 of 
|BC09) , there exists a reduced, separated, quasi-compact rigid analytic space Y and 
a proper, generically finite, surjective morphism / : K — > J7 such that there exists 
an Oy-module AI which is locally free of rank n and carries a continuous action of 
G_F^E whose trace is given by f*Ta- 

By Proposition 3.16 of |Che09| (a result of Sen), the (generalized) Hodge- Tate 
weights of My\Gp^ are independent of y G y(Q/). (This follows from the quoted 
result and the fact that the Hodge- Tate weights of jc^ are independent of z G Z.) 
Moreover, by the improvement to Theorem C of [BC08' made in Corollary 3.19 of 
[Che09| ■ there exists a finite Galois extension F~/Fz such that if F~ q C F~ denotes 
the maximal unramified extension of Q; , then the Oy iSJq, F~ ^-module 

is locally free of rank m and satisfies the following: if y G y(Q;), then the natural 
map D^^^{M)y — D^^^{My) is an isomorphism (and hence Mylcp, is semistable). 
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The diagonal action of Gf^ on M (8)q, Bst induces an Oy-linear, F~ Q-semilinear 
action of Gp^ on D^^ (M). We define an Oy F~ Q-linear action of Wf- C Gf^ 

on D^^"{M) by letting g £ Wp^ act as g o (^'"(f) where w{g) e Z is the power of 
Frob/ to which g maps in Gp^J Ip^- We have that N o rz{g) — ^'"^^■'?'s(<?) o iV on 
D^^{M). For each continuous embedding r : ^ ^ i^, we let 

Then WDs^,- is locally free of rank m as an Oy-module and Norz{g) = Vs(g)oiV 
on WDu^T-. Moreover, induces an isomorphism WDa^T-oFrobj — > WD5 compat- 
ible with rz and N . We let WD5 denote WD^.r for some choice of r, regarded as 
a WFc-niodule with an operator TV. We note that for each y e y(Q;), WDjj j, is 
the Weil-Deligne representation associated to My\Gp^- It follows that N"^ = on 
WDs. Let 

T^'" = tr (rs(-)lWDs) : W^f, ^ Of- 

We claim that 

This is proved as follows: let y G /^^(Z''°snil) and let z = f{y). Then z corresponds 
to a pair (tt, x) where tt g ^ is Shin-regular and extremely regular (and x is an 
accessible refinement of tt). Theorem 12.11 together with the regularity conditions 
satisfied by tt and the construction of the representation n.j(7r) in the proof of 
Theorem 2.3 of |Gue09| show that 

WD(r,,, WIg,^ f-^^ ^ i-\ec{iTu oiZ^®\ det 

Since M^" = n,»(7r), we deduce that T^'"(g) and agree on 

y £ ^(Q/) for each 5 G l^Fs- The claimed result now follows from the Zariski- 
density of f-^{Z"=s n n) in Y. _ 

We now choose some yo & YiQi) with /(yo) = zq- Since ri^t{Up) = ri_i{TTp) = 
= My^, the result just proved shows that 

zWD(n^,(nF)|Gp,r = rec(nF,5 ® I det 
We deduce from this that 

*WD(n,,(nF)|GrJ^"' ^ rec(nF,s ® I det |(i-™)/2)^ 
as follows: By Lemma 3.14(ii) of |Che09| . it suffices to show that 

zWD(n,,(nF)|GpJ^"' rec(nF.s® |det|(i-")/2), 

(See the paragraph of [Che09| two before Lemma 3.14 for the definition of -</.) For 
each y G f^^{Z^°^ n Vl) with z = f{y) corresponding to a pair (tt, x), we have 

tWD(M^nGr, f-'' = rec(7r„ o iZ^ (x) \ det rec(nF,5 ® | det 

(where the last relation follows from the choice of idempotent e„). By the proof of 
Proposition 7.8.19(in) of |BC09| and the Zariski-density of /-^(Z^s n fi) in Y, we 
have iWD{M^%^J^-^^ ^/ rec(nF,2 «) | det for aU y G ^(Q/). Taking y 

above zq gives the required result. □ 
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